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Impedance Based Characterization of a
High-Coupled Screen Printed PZT Thick

Film Unimorph Energy Harvester
Anders Lei, Ruichao Xu, Louise M. Borregaard, Michele Guizzetti, Ole Hansen, and Erik V. Thomsen

Abstract— The single degree of freedom mass-spring-damper
system is the most common approach for deriving a full electro-
mechanical model for the piezoelectric vibration energy harvester.
In this paper, we revisit this standard electromechanical model
by focusing on the impedance of the piezoelectric device. This
approach leads to simple closed form expressions for peak power
frequency, optimal load, and output power without a tedious
mathematical derivative approach. The closed form expressions
are validated against the exact numerical solution. The electro-
mechanical model contains a set of only five lumped parameters
which, by means of the piezoelectric impedance expression,
all can be determined accurately by electrical measurements.
It is shown how four of five lumped parameters can be deter-
mined from a single impedance measurement scan, considerably
reducing the characterization effort. The remaining parameter
is determined from shaker measurements, and a highly accurate
agreement is found between model and measurements on a
unimorph MEMS-based screen printed PZT harvester. With a
high coupling term K2 Q � 7, the harvester exhibits two optimum
load points. The peak power performance of the harvester was
measured to 11.7 nW at an acceleration of 10 mg with a load of
9 k� at 496.3 Hz corresponding to 117 μW/g2. [2013-0097]

Index Terms— Energy harvesting, vibration harvesting,
MEMS, PZT, PZT thick film, screen printing.

I. INTRODUCTION

DRIVEN by significant advances in low power elec-
tronics and especially sensor units such as gyroscopes

and accelerometers, numerous autonomous wireless sensor
systems have emerged in the past decade. Regardless of
whether the sensor systems are used for industrial monitoring
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or consumer products, they rely on a compact lightweight
energy source which in practice is synonymous with an
electrochemical battery. This choice of energy source though
limits either the lifespan or the size of the sensor system. For
this reason, the field of power harvesting on a micro-scale
has grown rapidly. The motivation is straightforward; attain
a fully self-sustained wireless sensor system by replacing
the electrochemical battery with a small self-sufficient power
source. Of the most common ambient sources of energy:
thermal energy, light, RF radiation and vibrations/motions [1],
the latter is of high interest since it is inherently present on
moving objects and it provides a reasonable constant source
of energy. Harvesting energy from vibrations usually employs
an electrostatic, electromagnetic or piezoelectric transducer
mechanism [2], [3]. The piezoelectric harvester, which utilises
stress induced in a piezoelectric layer due to bending of a
suitable structure, has gained much attention in literature due
to high coupling efficiency and simple design enabling a high
degree of miniaturisation [4].

Together with the efforts in development and fabrication
of piezoelectric harvesting devices, the field of modelling
has developed accordingly. Full distributed models have been
presented and verified [5]– [8], and while these models can
accurately capture the harvester behaviour at several different
modes, the models are less intuitive for direct parameter
analysis and experimental fitting. In real applications only the
behaviour of the harvester near the fundamental resonance is
of interest and then much simpler models can be developed.
By considering the mechanics of the harvester as a single
degree of freedom (SDOF) mass-spring-damper system, the
full electromechanical behaviour of the harvester can be
described by a set of lumped parameters.

Independent on modelling approach, the model accuracy
relies on precise values for the geometrical, mechanical and
electrical parameters all of which may have tolerances that
complicate precise analytic predictions in relation to measure-
ments. Secondly, regardless of the model, the highly crucial
damping term cannot yet be predicted analytically and must be
determined experimentally. Consequently it is often desirable
to precisely identify the model parameters from the harvester
characterisation process.

The lumped model can describe the harvester performance
using only five parameters which all can be easily determined
experimentally. While this determination often is conducted
using the direct piezoelectric effect by means of a shaker [9],
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this work utilises mainly the indirect piezoelectric effect. With
the SDOF model, the piezoelectric device impedance can
readily be expressed in terms of the lumped parameters and
consequently four out of five parameters needed to model
the harvester can be extracted directly. Instead of using the
common approach of analysing the full power expression
to identify the optimal load conditions and peak power fre-
quencies, we use the expression for the piezoelectric device
impedance. The approximations used for the simple closed
form expressions are verified by comparison with the exact
solutions solved numerically. Excellent agreement is observed
for low-coupled systems with only one optimal operating
point, while it is shown that the output power becomes equal
to the available power of the resonator for higher coupled
systems where two optimal operating points with equal output
power exist [9].

The lumped parameter model is experimentally verified by
characterisation of a high coupled unimorph energy harvester.
The literature describes numerous energy harvester prototypes
but while the majority of these are proof of concept devices
with the purpose of validating theory, only a minor number
of the reported energy harvesters‘ [10]– [13] are potentially
interesting from an application point of view where small
dimensions combined with low frequency are the success
criteria. The harvester presented in this work is fabricated
using MEMS-technology providing the necessary tools to
obtain a small device with resonant frequency in the interesting
range [14]. The harvester is based on screen-printed PZT, a
technique that is widespread and well tested. Screen-printing
of PZT offers better high volume fabrication possibilities
compared to bulk PZT and it provides considerably thicker
layers compared to sol-gel and sputtering methods [15].

The article is organised as follows. The full electromechan-
ical model is revisited followed by closed form approximated
peak power frequency, optimal load and output power expres-
sions for low and high-coupled harvesters. Next, the closed
form expressions are validated by a comparison with the exact
numerical solutions. Then the wafer-level fabrication of the
high-coupled energy harvester with screen printed PZT thick
film is presented. The fabricated harvester is characterised and
it is shown that the SDOF lumped model accurately represents
the harvester performance and how all five lumped parameters
can be extracted experimentally by fitting to the closed form
expressions.

II. MODELING

A. SDOF System and Equivalent Circuit

The unimorph energy harvester is modelled as a lumped
parameter SDOF oscillator with the equivalent circuit diagram
shown in Fig. 1. The mechanical domain holds the lumped
elements of the spring-mass-damper system with the effective
mass meff represented by an inductor, the spring constant
kc as a capacitor and a resistor representing the damping
coefficient b of the oscillator. Fext is the external driving
force acting on the cantilever and is represented as a voltage
source, and the velocity of the centre of mass, ẇc, is the
analogue to the current I . Fpiezo is the back-coupled force

Fig. 1. Equivalent circuit diagram for the unimorph energy harvester.
The electromechanical coupling between the electrical and mechanical
domains is represented by an ideal transformer.

from the piezoelectric layer to the mechanical domain. The
electrical domain consist of the generated voltage V over the
piezoelectric capacitor C .

The electromechanical coupling between the mechanical
and electrical domains is represented by an ideal transformer
with a transformation factor of 1 : �/�. The � part of the
transformation factor is the coupling coefficient relating both
the current I with the deflection slope rate ẇ′

c, and the back-
coupled induced moment with voltage as described by (23) in
the Appendix. � is a geometric length factor relating ẇ′

c with
ẇc, see (24) in Appendix. Accordingly, the back-coupled force
acting on the cantilever can be expressed by Fpiezo = V �/�.
By analysing the mechanical loop using Kirchoff’s voltage
law, the following equivalent Laplace transformed vertical
force balance equation emerges

Fext + �

�
V = Zmẇc, (1)

where Zm = smeff + b + kc/s is the mechanical impedance
of the spring-mass-damper system and s = jω is the complex
frequency.

In the electrical domain the current flowing into the trans-
ducer can be found by Kirchoff’s current law as

I = �

�
ẇc + sCV . (2)

With the energy harvester connected to an external load
resistor Rl , the current in (2) can be expressed as I = −V/Rl

and then the voltage can be deduced to

V = −Fext
(�/�) Rl

(�/�)2 Rl + (sC Rl + 1) Zm
. (3)

The resulting power dissipated in the connected resistive load
is

P = |VRMS|2
Rl

=
∣
∣Fext,RMS

∣
∣
2

Rl

(�/�)2

∣
∣(�/�)2 + Zm/Ze

∣
∣
2 (4)

where

Ze = Rl

1 + sC Rl
(5)

is the electrical impedance of the connected load and piezo-
electric capacitor.
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B. Optimal Load and Peak Power

The usual approach to accurately determine the optimal
load value and frequency for maximum output power is
to differentiate the power expression in (4) with respect to
both Rl and ω simultaneously. Solving this requires a highly
complex mathematical treatment [16], and the importance of
the various parameters is easily missed. Other works involve
either focusing on the damping term [9] or differentiating the
power with respect to load resistance [17]. Both procedures
require assumptions concerning operating frequencies and the
physical interpretation is less evident. Instead of solving the
power expression in (4), the focus in the following analysis
is the piezoelectric device impedance from which both an
approximate analytic solution can be deduced and also the
correct numerical values.

The piezoelectric device impedance Z can from the
Thevenin-Norton source transformation theorem be deter-
mined from Z = Voc/Isc, where Voc is the open circuit voltage,
and Isc the short-circuit current. Expressions for both can be
derived from the voltage in (3) and the piezoelectric device
impedance can hence be expressed as

Z = Zm

(�/�)2 + Cs Zm
. (6)

The damping coefficient in the mechanical impedance can be
expressed in terms of a mechanical quality factor Q by the
relation

Q = kc/(bω0) = meffω0/b = √

meff kc/b, (7)

where ω0 is the angular mechanical resonant frequency. The
system coupling coefficient, also often referred to as the
generalised electromechanical coupling (GEMC) coefficient
[18], is expressed by

K 2 = (�/�)2 /(kcC). (8)

Using the definition for the effective mass (ω0 = √
kc/meff )

in combination with (7) and (8) the impedance in (6) can be
expressed as

Z = − j

ω0C

j ω
ω0

+ Q

(

1 − ω2

ω2
0

)

ω
ω0

[

j ω
ω0

+ Q

(

1 − ω2

ω2
0

)

+ QK 2

] (9)

and hence the impedance of the harvester can be determined
by the capacitance C , resonant frequency fr = ω0/(2π),
system coupling coefficient K and mechanical quality factor
Q without information on the coupling transformation factor
�/� or effective mass meff .

The phase angle θ of the impedance Z is very important
for understanding the behaviour of the harvester as explained
below. The phase angle can be calculated by recognizing that
tan θ = Im(Z)/ Re(Z), and by use of (9) the phase angle
becomes

θ = arctan

(

ω

ω0

Q2 K 2+2Q2 − 1

QK 2 − ω0

ω
Q

K 2+1

K 2 − ω3

ω3
0

Q

K 2

)

.

(10)

Fig. 2. Peak phase angle of the piezoelectric device impedance (12b) as
function of the figure of merit term K 2 Q. The horizontal dashed line indicates
zero phase angle while the vertical dashed line indicates the zero phase
angle/real impedance condition K 2 Q = 2 where the phase angle becomes
positive.

Maximum power is transferred when the impedance of the
connected load Zl equals the complex conjugate of the piezo-
electric impedance (Zl = Z∗) [19]. Since the load is a
resistance Zl = Rl , it is evident that impedance matching can
only occur when the piezoelectric device impedance is purely
real which corresponds to a phase angle of zero degrees for
the impedance in (9). This zero phase angle condition can
be examined using the expression for the peak phase angle
θpeak of the impedance, which is obtained by the condition of
zero frequency derivative of the argument in the phase angle
expression (10). This results in the frequency of peak phase
ωpp

(
ωpp

ω0

)2

= 1

6

(

2 + K 2 − 1

Q2 +
√

12
(

K 2 + 1
) +

(

2 + K 2 − 1

Q2

)2)

(11)

and when this frequency is inserted in (10), an expression for
the peak phase angle results

θpeak � arctan

(

−
√

2

2 + K 2

4 + 2K 2 − K 4 Q2

4K 2 Q

)

(12a)

� arctan

(

−4 − K 4 Q2

4K 2 Q

)

(12b)

where (12b), which is plotted in Fig. 2, is valid for sufficiently
high Q. As readily apparent from both (12b) and the inset and
dashed lines in Fig. 2, the peak phase angle is zero (θpeak = 0)
at the condition K 2 Q ≈ 2 and load matching is accordingly
possible as the piezoelectric impedance becomes real. When
K 2 Q > 2 the peak phase angle becomes positive and con-
sequently there must be two different operating conditions at
which θ = 0 and load matching with the resistive load can
occur. When on the other hand K 2 Q < 2, the peak phase angle
is negative hence complex conjugate impedance matching with
a resistive load is not possible.
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The impedance in (9) becomes real at angular frequencies
ωreal where the phase angle in (10) becomes zero, and thus

(
ωreal

ω0

)2

= 1

2

(

2 + K 2 − 1

Q2

±
√

(

K 2 − 1

Q2

)2

− 4

Q2

)

(13)

which is in accordance with the results of Renno et al. [16].
Obviously, ωreal becomes purely real if

K 2 Q − 1

Q
≥ 2. (14)

From (12b) and (14) it is clear that the term K 2 Q has a
strong impact on the harvesters load and peak power frequency
characteristics, and K 2 Q is thus often referred to as a coupling
efficiency figure of merit (FOM) [9], [16], [17], [20]. It should
be noted that the peak phase angle plotted in Fig. 2 is a rapid
approach for determining this important coupling efficiency
FOM experimentally from a simple impedance measurement.

In the following it is desirable to divide the harvester
analysis into three cases: 1) the branching point case where
K 2 Q = 2 + 1/Q, 2) the low-coupled case, with K 2 Q < 2,
and 3) the high-coupled case with K 2 Q > 2.

1) Branching Point Case K 2 Q = 2 + 1/Q: In this case,
the analysis is particularly simple, and exact solutions are
easily obtained. Complex conjugate impedance matching of
the resistive load is possible at a single angular frequency
ωbp = 2π fbp, where the piezoelectric device impedance
is purely real (in this case the phase is maximized at the
same frequency). From (13) the matching frequency is easily
obtained

(
ωbp

ω0

)2

= 1

2

(

2 + K 2 − 1

Q2

)

=
(

1 + 1

Q

)

, (15)

and at that frequency the piezoelectric device impedance is

Z = Rlbp = 1

ω0C

1

1 + 1/Q
� 1

ω0C
, (16)

where the approximation is valid at sufficiently high Q.
Since complex conjugate load matching is achieved, the peak
harvested power equals the available power Pav [4], [21], [22]

Pav =
∣
∣Fext,RMS

∣
∣2

4b
=

∣
∣Fext,RMS

∣
∣2

4ω0meff
Q, (17)

as is verified by using Rlbp and ωbp in the output power
expression (4).

2) Low-Coupled Case K 2 Q < 2: In this case complex
conjugate load matching is not possible. The peak power
point is instead found at the angular frequency ωpp = 2π fpp
(11) where the phase of the piezoelectric device impedance is
maximized, i.e. the frequency derivative of the phase angle in
(10) becomes zero

(
ωpp

ω0

)2

� 1 + 1

2
K 2, (18)

where the approximation is valid at sufficiently high quality
factor (Q > 100) and small coupling coefficient (K < 0.4).

The frequency in (18) agrees with that of [16] which is based
on a mathematical derivative approach. A comparison with the
relation between the resonant and anti-resonant frequencies
fa = fr

√
1 + K 2 reveals that the peak phase frequency in

(18) is approximately midway between the resonant and anti-
resonant frequencies (note, the resonant and anti-resonant fre-
quencies are the system eigen-frequencies with the electrical
side in short and open circuit, respectively). In this case
the optimal load resistance is approximately the same as in
the branching point case Rlpp � 1/(ω0C), and when these
conditions are inserted into the output power expression (4),
the output power can to a good approximation be described
by

Pp = Pav
8K 2 Q

4 + K 4 Q2 + 4K 2 Q
≡ Pavχ, (19)

where χ is a power multiplication factor for the low-coupled
regime. The power approximation agrees with the findings of
Guyomar et al. [23] under identical load conditions.

3) High-Coupled Case K 2 Q > 2: In this case the harvester
should not be operated at the peak phase point as in the
low-coupled system, instead the optimal operating points are
the two points (frequencies) where the phase is zero degrees
(θ = 0). These frequencies are obtained directly from (13);
if the negative sign in (13) is chosen, a frequency fpr close
to the resonant frequency is obtained, whereas if the positive
sign is chosen in (13) a frequency fpa close to the anti-
resonant frequency obtains. The impedance (which is real) of
the piezoelectric harvester at the two frequencies is calculated

Z = Rlopt = 1

ω0C

2

K 2 Q + 1
Q ∓

√
(

K 2 Q − 1
Q

)2 − 4

, (20)

where the positive sign yields the impedance and optimal load
resistance Rlr at fpr near the resonant frequency, whereas the
negative sign yields the impedance and optimal load resistance
Rla at fpa near the anti-resonant frequency. Obviously the
optimal load resistance is higher at fpa than at fpr. Since
complex conjugate matching is obtained in both cases identical
output powers, equal to the available power Pav, are expected.

Finally, it should be noted, that in the high-coupled case a
local minimum in the output power exists at the peak phase
frequency fpp which can be obtained from (18) and in this
condition the output power is also well described by (19).

C. Numerical Analysis

The graphs in Fig. 3 show results of a comprehensive
numerical search for maximum power using (4) by varying
frequency, load resistance and K 2, while Q = 400 was
kept constant. As a result maximum power, optimal load
resistance and peak power frequencies as functions of K 2 Q
were found and plotted together with the analytic expressions
for comparison and validation.

1) Peak Power Frequency: Fig. 3(a) shows the exact numer-
ically found peak power frequency fpeak, the exact analytic
expression for the branching point frequency fbp (15), the
approximate expression for the low-coupled range frequency
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Fig. 3. Analysis of the exact and approximate analytic expressions in
comparison with the exact results evaluated numerically from the power
expression in (4). (a) Analysis of the peak power frequency. (b) Analysis
of the optimal load values with maximum power transfer. (c) Analysis of the
output power for the exact solution and the approximated solutions. Q = 400
is used for the evaluation.

fpp (18) and the resonant ( fr) and anti-resonant frequencies
( fa). The plotted frequencies are all normalised to fr . As
predicted from the peak phase analysis in Fig. 2 there exist
only a single optimal operating frequency in the low-coupled
range K 2 Q < 2. The analytic approximation in (18) for the
peak power frequency in the low-coupled range fpp shows
fine agreement with the numerical analysis ( fpeak), and fpp
is as predicted located midway between the resonant and
anti-resonant frequency. The low-coupled approximation fpp
naturally only predicts the correct peak power frequency until
the branching point K 2 Q = 2 + 1/Q, where the peak
power frequency fbp is given by the exact expression in (15).
For K 2 Q > 2 the peak power frequency divides into two
branches, one that approaches fr and one that approaches

fa for increasing values of K 2 Q. Fig. 3(a) clearly shows
that an error is induced if approximating the peak power
frequency of the two branches fpr (resonant branch) and fpa
(anti-resonant branch) to be equal to fr and fa respectively.
The error is however in most cases insignificant especially for
high coupling, and for K 2 Q = 7 which is approximately the
coupling efficiency for the harvester presented in this work,
the approximation error is hence less than 0.02%.

2) Optimal Load: Fig. 3(b) shows the exact optimal load
Rl found from the numerical analysis of power expression
(4) together with the analytic expressions for optimal loads
for the branching point Rlbp (16), the low-coupled range
Rlpp and the high-coupled range with Rlr near fr and Rla
near fa, where both load values are obtained from (20). The
plotted optimal load values are all normalised to the impedance
magnitude of the piezoelectric capacitor R0 = 1/(ω0C). In
the low-coupled range K 2 Q < 2 with a single optimal load
at the peak phase operating frequency fpp, good agreement
is observed between the exact numerical solution Rl and the
analytic approximations for both Rlpp and the branching point
optimal load Rlbp in (16). Similar as for the frequency analysis
in Fig. 3(a), the optimal load divides into two branches
for K 2 Q > 2. The excellent agreement between the exact
numerical solution Rl and the exact analytic values for Rlr
and Rla visibly validates the expression for Rlopt in (20).

While Rlopt is exact in the full high-coupled range, the
expression in (20) can for simplicity be reduced to Rlr �
R0/(K 2 Q) and Rla � R0 K 2 Q for sufficient high values of
K 2 Q. The reduced expressions are also plotted in Fig. 3(b)
and shows that adequate precision is obtained for K 2 Q > 5.

3) Output Power: The exact numerical solution to the out-
put power of the harvester in (4) is seen in Fig. 3(c) where also
the low-coupled approximation Pp in (19) is plotted. Whereas
Pp shows excellent agreement with the exact solution in the
low-coupled range, it naturally fails in its peak output power
predictions for K 2 Q > 2. With the power normalised to Pav,
the exact solution in Fig. 3(c) illustrates that while increasing
power can be extracted with increased coupling efficiency until
K 2 Q = 2, no additional power can be gained for stronger
coupled systems. High coupled systems can, however, still be
of interest since the high coupling reduces the optimal load
value in the resonant branch. This may be preferable for design
of the electrical system used in connection with the harvester.

From Fig. 3(c) it is clear that while the focus often is
aimed towards optimising the parameters of the piezoelectric
material, the important parameters concerning power are those
included in Pav as long as K 2 Q > 2. From (17) it thus directly
follows that higher output power is achieved by increased
mass and quality factor [24]. Under the assumption of con-
stant acceleration, the output power is naturally increased
for decreasing frequency but the resonant frequency is from
an application point of view usually fixed by the targeted
vibration source.

III. FABRICATION

The fabrication of the unimorph energy harvesters is
sketched in Fig. 4 and consists of a process with three
conventional masking steps and one screen printing step.
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Fig. 4. Cross-sectional view of the fabrication process. (a) Double side
polished 500 μm thick four inch diameter (001) silicon wafer. (b) 1 μm silicon
dioxide, 170 nm stoichiometric silicon nitride and 300 nm LPCVD TEOS
based silicon dioxide. (c) KOH mask windows defined by UV lithography
and etching in bHF and hot phosphoric acid. (d) 50/500 nm Ti/Pt bottom
electrode by e-beam evaporation, patterned by UV lithography and heated
H2O:HCl:HNO3. (e) Screen printing of PZT thick film. (f) 600 nm Al top
electrode by e-beam evaporation using a shadow mask. (g) Cavity etching in
KOH with a mechanical front side protection. (h) Cantilever release in RIE.

Fig. 5. Photograph showing front and back side of the fabricated energy
harvester. (a) frame, (b) proof mass, (c) bottom electrode, (d) screen printed
PZT thick film and (e) top electrode.

The starting point is a double side polished 500 µm thick
four inch diameter (001) silicon wafer, Fig. 4(a). A 1μm
silicon dioxide (SiO2) is grown in a wet thermal oxidation fol-
lowed by low-pressure chemical vapor deposition (LPCVD) of
170 nm stoichiometric silicon nitride and a LPCVD of 300 nm
SiO2 based on tetraethyl orthosilicate (TEOS), Fig. 4(b). Mask
windows for KOH etching on the backside are defined with
UV lithography, while SiO2 and silicon nitride are etched
in buffered hydrofluoric acid (bHF) and 180 ◦C phosphoric
acid (H3PO4), respectively, Fig. 4(c). A bottom electrode
consisting of a 50 nm titanium adhesion layer and a 500 nm
platinum layer, also serving as a diffusion barrier [25], is
deposited using e-beam evaporation. The bottom electrode is
patterned using UV lithography followed by a wet etch in
85 ◦C hot nitric-hydrochloric acid, H2O:HCl:HNO3 (8:7:1),
Fig. 4(d). On top of the bottom electrode a 25 µm InSensor®

Fig. 6. Resonant and anti-resonant frequency as a function of measurement
voltage amplitude. Theory only captures the linear regime with no mechanical
softening effect.

TABLE I

DIMENSIONS OF THE FABRICATED VIBRATION ENERGY HARVESTER

TF2100 PZT thick film is deposited using screen printing,
Fig. 4(e). Before the sintering process, the PZT thick film
is high pressure treated to reduce the porosity [26]. As top
electrode, a 600 nm aluminium layer is deposited using e-beam
evaporation through a shadow mask, Fig. 4(f). The frontside
of the wafer is protected using a mechanical holder while the
SiO2 is removed in bHF and the cavities are etched in 86 ◦C
28 wt% KOH, Fig. 4(g). The PZT structures are covered with
photo-resist and the cantilevers are released by a SiO2 etch
in bHF followed by a reactive ion etch (RIE) of the silicon,
Fig. 4(h). The wafers are diced and the PZT thick film of each
device is polarised individually by applying an electric field
between the top and bottom electrodes.

A photograph of two fabricated energy harvesters is shown
in Fig. 5. The cantilever has integrated proof mass and
anchoring and is enclosed by a silicon frame for stability and
handling. The dimensions of the harvester are listed in Table I.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

The evaluation of the performance of the fabricated MEMS-
based energy harvester, serves also to validate experimentally
the simple lumped element model by applying the impedance
(6), voltage (3) and available power (17) expressions to mea-
surement data. The experimental results will thus be accom-
panied by a parameter identification illustrating that the full
harvester behaviour can be described using the five parameters
C , fr, K , meff and Q. The system coupling coefficient K can
be calculated from the resonant and anti-resonant frequencies
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Fig. 7. Minimum and maximum impedance magnitudes as a function of
measurement voltage amplitude. Increased minimum impedance magnitude
indicates increased damping effects.

as

K 2 = f 2
a

f 2
r

− 1 (21)

and thus all five parameters can be derived experimentally
using only electrical measurements.

The most common approach to determine the required
parameters is using the direct piezoelectric effect and actuation
from a shaker. The mechanical parameters fr and Q can
be determined by short circuiting the harvester while fa is
measured with the harvester in open circuit. C can be mea-
sured directly whereas meff either requires knowledge of the
spring constant or it can be calculated or extracted by fitting
the voltage expression (3) to the experimental data. Another
and considerably faster approach is to measure the impedance
magnitude and phase from which C , fr, fa and Q can be
deducted in only one single swept frequency measurement.

A. Impedance Analysis

Using an Agilent 4294A Precision Impedance Analyzer
the impedance of the harvester is measured by sweeping
the frequency from low to high frequency using a sweep
rate of 0.1 Hz s−1. The SDOF model derived is only valid
when the harvester is operated in the linear regime where
neither spring hardening/softening or increased viscous damp-
ing occurs. Both non-linear phenomena are often seen in
MEMS-based energy harvesters [27]– [29]. The non-linearity
arises with increased deflection, and thus it also occurs for
the high Q harvester presented in this work. Consequently it
is required that the impedance measurements are carried out
with an applied voltage that excites the harvester within its
linear regime. Fig. 6 shows the resonant frequency and anti-
resonant frequency, which are obtained from the minimum and
maximum impedance magnitudes, respectively, as a function
of applied voltage. The minimum and maximum impedance
magnitudes are plotted in Fig. 7. The frequency plot in
Fig. 6 clearly illustrates a significant softening effect where

Fig. 8. Impedance and phase measured at an applied voltage of 10 mV.
Circles represent the measurements while the solid line is the fitted impedance
magnitude and phase from (6) with parameters listed in Table II.

TABLE II

EXTRACTED PARAMETERS FROM THE IMPEDANCE MAGNITUDE

AND PHASE FIT IN FIG. 8

both fr and fa are decreasing for increasing applied voltage.
The softening effect is more pronounced for fr which is
expected from the expression for the anti-resonant frequency
fa = fr

√
1 + K 2 and the definition of K in (8). As the

softening effect decreases the spring constant, the system
coupling coefficient K increases and accordingly compensates
for the softening effect which is a mechanical phenomenon.
While the frequency analysis extracted from the impedance
measurements mainly provides information concerning the
softening effect, the magnitude of the impedance contains
direct information concerning the viscous damping. At the
resonant frequency the mechanical impedance Zm in the
impedance expression (6) reduces to the viscous damping
term. The significant increase in minimum impedance mag-
nitude in Fig. 7 thus illustrates that the viscous damping
must increase considerably resulting in a decrease in quality
factor. The impedance measurement shown in Fig. 8 is hence
performed with an applied voltage of 10 mV to minimise any
non-linear effects. The expression for impedance in (6) is fitted
to the measured data using a non-linear fitting routine with the
resulting parameters listed in Table II. As evident from Fig. 8
the lumped parameter SDOF based model allows for accurate
representation of the impedance, and if the harvester operates
in the linear regime, four out of five parameters needed to
describe the harvester performance can be extracted using this
straightforward measurement.
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Fig. 9. Voltage, calculated power, loaded quality factor and peak power frequency as function of connected load resistance. Circles represent measurements
while solid lines correspond to the derived SDOF lumped element model evaluated using the parameters listed in Table II under “Voltage fit”. The three
vertical dashed lines indicate the load values of the two operating points of interest (Rlr = 8.7 k�, Rla = 470 k�) and R0 = 64 k� that corresponds to the
local minimum between the two maxima. The measurements were performed at 10 mg RMS acceleration.

Fig. 10. Voltage responses for two different load values around Rlr = 9 k�
and Rla = 450 k� as a function of frequency. Voltage expression (3) fitted
to 9 k� data results in the parameters listed in Table III. The model is
evaluated at 450 k� with and without a parallel resistance accounting for
leakage current. Measurements were performed at 10 mg RMS acceleration.

With Q and K 2 determined from the impedance measure-
ments, the figure of merit K 2 Q can be calculated to 7.34
and we are thus in the high-coupled regime with positive
phase as seen in Fig. 8. Using the impedance magnitude of
the capacitor R0 = 1/ω0C = 64 k� the two optimal load
values with equal maximum power can be predicted to be
Rlr = R0/(K 2 Q) = 8.7 k� for the lower branch ( fr) and
Rla = R0 K 2 Q = 470 k� for the higher branch ( fa), see
Fig. 3(b).

B. Optimal Load

To experimentally validate the existence of the two operat-
ing points with equal maximum power, the output power was
measured for a range of loads. The harvester was actuated by
a TV 51110 shaker system driven by a sinusoidal signal from
an Agilent 33521A Function Generator. The acceleration was
measured using a B&K Piezoelectric Accelerometer 8305 in

TABLE III

PARAMETERS FROM THE IMPEDANCE MAGNITUDE AND PHASE FIT IN

TABLE 2 TOGETHER WITH THE EXTRACTED PARAMETERS

FROM THE VOLTAGE FIT IN FIG. 10

connection with a B&K Type 2692-A-0I2 Charge Conditioner.
The harvester was connected to a 1040 resistance box from
Time Electronics and the generated voltage measured using
a NI USB-6210 DAQ. The deflection of the cantilever was
measured using an optoNCDT 2300 laser displacement sensor
from Micro-Epsilon. The measurements were carried out at
an RMS acceleration of 10 mg to minimise non-linear effects.
The frequency was scanned from low to high frequency in a
continuous sweep with a rate of 0.1 Hz s−1 and the frequency
response was extracted from a synchronisation signal from the
function generator. The peak voltage and peak deflection was
obtained together with corresponding peak power frequency
fpeak and the power was calculated as P = V 2

RMS/Rl . The
loaded quality factor was calculated from the power frequency
spectrum as Qload = fpeak/ fBW with fBW being the full
width at half maximum bandwidth. The results are seen in
Fig. 9 where the voltage and power are normalised to input
acceleration in gravitational unit g = 9.82 m2 s−1 to first and
second power, respectively.

Except for Qload, good agreement is observed between
measurements and theory in the low range of load values. The
discrepancy in Qload at low load is mainly due to decreasing
voltage signal to noise ratio. Whereas the measured output
power follows the model predictions at the low optimal load
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Fig. 11. Peak normalised voltage, power and loaded quality factor as function
of connected load. The evaluated model represented by the solid lines is in
comparison with Fig. 9 enhanced to include a parallel parasitic resistance of
3.7 M� to account for leakage current.

Fig. 12. Output power and peak deflection as function of input RMS
acceleration measured in fractions of gravitational unit g = 9.82 m2s−1.
A load resistance of 9 k� is used. (a) Dashed line indicates the analytical
predicted power Pav. (b) Dashed line represents a linear fit of the measured
deflections up to 0.1 g.

value Rlr and also exhibits a local minimum at R0, a clear
discrepancy is observed for both power, voltage and loaded
quality factor for increasing load values. The measured voltage
becomes increasingly lower than expected at higher load
values and consequently the measured power is less than
predicted. The loaded quality factor at short and open circuit
is expected to correspond to the mechanical quality factor
which is approximately equal at short and open circuit due
to a relative frequency difference of only ≈ 1%. Qload at high
load is however around 10% lower than expected, indicating a
damping contribution at open circuit not accounted for in the
model. The evaluation of the model is based on the equivalent

Fig. 13. Loaded quality factor and relative change of peak frequency
and frequency response bandwidth as function of input acceleration. A load
resistance of 9 k� is used.

Fig. 14. Output power as function of the recorded peak deflection in Fig. 12.
With the linear tendency it can be concluded that the non-linearities observed
in Fig. 12(a) are due to mechanical and not electrical effects. Dashed line
represents a second order fit with corresponding listed coefficient.

circuit diagram in Fig. 1 and it is hence assumed that the
piezoelectric layer contributes to the electrical circuit only
with a capacitor. This assumption is not perfect, since the
piezoelectric layer is not a valid dielectric and a certain leakage
current is expected to pass the layer.

C. Leakage Current

The parameters used in the model evaluation in Fig. 9
are listed in Table III in the Voltage fit column. While the
capacitance for the voltage fit is obtained from the impedance
fit parameters listed in Table II, the values for fr, fa and Q are
changed slightly due to differences in non-linear effects and
measurement uncertainties between the impedance analyser
and shaker measurements. From the voltage fit the effective
mass can be estimated as 1.31×mtotal where mtotal = 26.6 mg
is the total mass of the cantilever and proof mass.

As seen in Fig. 10, the model and measurements show
excellent agreement for the voltage frequency response at
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Fig. 15. Schematic cross-section of the unimorph vibration energy harvester. The thin part of the cantilever with length L consist of a silicon support layer of
thickness hSi and a PZT layer of thickness hPZT. The thin part of the cantilever continues into the integrated proof mass with length Lm where the thickness
of the proof mass hmass is equal to the silicon wafer thickness minus hSi. The force on the proof mass F is assumed to act on the proof mass midpoint
l = Lm/2, which also is assumed to be the SDOF system centre of mass.

the 9 k� low load resistance value, whereas at the 450 k�
high load resistance measurement the voltage is lower than
predicted. By including in the model a parasitic resistor, Rpl
in parallel with the piezoelectric capacitor C , the leakage
current in the piezoelectric layer can be accounted for. By
fitting the Rpl model to the 450 k� data with all other
parameters constant, a parasitic resistance of Rpl = 3.7 M� is
extracted. The effective resistance connected to the harvester
then becomes 401 k� instead of 450 k� and agreement is
observed between measured voltage response and model.

Using the modified model with the parallel parasitic resis-
tance of 3.7 M� in the full range of loads in Fig. 9 the
modified optimal load characteristic in Fig. 11 is obtained.
Agreement is now observed between the model and measured
values of voltage, power and loaded quality factor in the full
range of connected loads.

D. Power Performance

As observed in the impedance measurements in Figs. 6
and 7 the harvester performance is affected by non-linear
effects at increased excitation. These non-linear effects will
also occur when examining the power performance for increas-
ing levels of input acceleration. Since the leakage current in
the piezoelectric layer causes a loss in power dissipation in
the external connected load at the high load optimum, the
focus is towards the performance at the low load optimum.
Fig. 12(a) shows the frequency tracked peak output power
in a 9 k� load as function of input RMS acceleration. Since
K 2 Q � 7 the output power equals the available power
(17) and by using the values for meff , Q and fr from the
voltage fit in Table III, the output power can be calculated to
P = Pav = 1.16 × 10−4W/g2 × a2

RMS.
As evident from Fig. 12(a) the measured power is in

accordance with predictions until around 0.1 g where the
power becomes less than predicted. A similar tendency is
observed for the recorded peak deflection in Fig. 12(b) and
thus indicates that, despite the optimal load value for Rlr
increases for higher excitation according to Fig. 7, the loss
in power is mainly due to decreased deflection.

This conclusion is substantiated by examining the loaded
quality factor as function of input acceleration in Fig. 13.
It must be stressed that strictly speaking the concept of
quality factor applies only for linear resonators with symmetric

frequency response functions, hence the values for low and
high accelerations are not directly comparable. Fig. 13 there-
fore also holds the relative change of the peak power fre-
quency and bandwidth. The peak power frequency decreases
by around 1% over the acceleration range and shows the
softening effects also observed in the impedance analysis in
Fig. 6. In the same acceleration range the bandwidth increases
by 16% indicating a significant increase in damping factor, and
with the loaded quality factor depending linearly on both peak
frequency and bandwidth, the reason for the decreasing Qload
is mainly the increased damping in the system.

The loss of proportionality between power and acceleration
squared in Fig. 12(a) can potentially also arise partly from
non-linear effects in the electrical properties of the harvester.
This is examined in Fig. 14 where the power is plotted as
function of peak deflection. The power is observed to increase
in agreement with the deflection squared, and thus is can be
concluded that the non-linearity observed in power perfor-
mance at higher acceleration originates solely from mechanical
effects. Secondly, while the load ideally should be adjusted at
increasing accelerations, the effect is small compared to the
reduced deflection due to increased mechanical damping.

V. CONCLUSION

With focus on the piezoelectric device impedance we
have revisited the standard SDOF mass-spring-damper based
electromechanical model of a piezoelectric vibration energy
harvester. Instead of the conventional mathematical derivative
approach the piezoelectric impedance was used in the theoret-
ical analysis of peak power frequency, optimal load and output
power.

By dividing the theoretical analysis into three cases: the low-
coupled case (K 2 Q < 2), the branching point case (K 2 Q =
2 + 1/Q), and the high-coupled case (K 2 Q > 2), closed
form expressions were presented for the full range of K 2 Q
values. A closed form approximate power expression was
elaborated for the low-coupled case and excellent agreement
was observed in comparison with the exact numerical solution.
In the low-coupled regime with a single optimal operating
frequency and load value, the output power increases with
increasing K 2 Q until the branching point where the output
power of the harvester becomes equal to the available power
of the resonator. At the branching point the harvester moves
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from a single optimal operating point to two optimal operating
points with equal output power but with two different load
resistances and peak power frequencies. With the output power
being equal to the available power no additional power can
be extracted from the resonator for stronger coupled systems
(K 2 Q > 2). Stronger coupled systems can only benefit from
relatively lower optimal load values.

From characterisation of a high-coupled unimorph
MEMS-based PZT thick film harvester it was validated that
the impedance and voltage expressions of SDOF model
accurately represents the harvester performance. Using the
indirect piezoelectric effect it was shown how four of five
lumped parameters in the SDOF model can be determined
experimentally from a single impedance measurement
scan. The remaining parameter, the effective mass, must
be determined using a shaker measurement and the direct
piezoelectric effect. With focus on the piezoelectric impedance
it is thus possible to accurately determine all five lumped
parameters using solely electrical probing, and with only two
measurement sweeps required the characterisation effort is
considerably reduced.

While the simple model accurately represents the voltage
and power at the low optimal load resistance, disagreement
was observed for the high optimal load resistance. It was
found necessary to implement a parasitic resistance of 3.7 M�
in parallel with the piezoelectric capacitance to account for
leakage current. The power performance of the harvester was
measured to 11.7 nW at 10mg with a load of 9 k� at 496.3 Hz
corresponding to 117µW/g2.

With K 2 Q � 7 for the fabricated harvester, the output
power can only be increased by increasing the available
power of the resonator. The resonant frequency for vibration
harvesters are usually determined by the vibration source while
the quality factor is a trade-off between high peak power and
narrow bandwidth. The mass is thus the main parameter of
interest for optimisation of high-coupled harvesters.

APPENDIX A

A. Coupling Coefficient �

The coupling coefficient � relating current with deflec-
tion slope rate and induced moment with voltage is found
from the piezoelectric constitutive equations [30], [31] and
Euler-Bernoulli beam theory. The cantilever comprising the
unimorph vibration energy harvester is sketched in Fig. 15.
With the cantilever length and width being considerable larger
than the thickness, plane stress is assumed. Accordingly, the
normal and shear stresses are neglectable while only the strain
S1 is non-zero [32]. Likewise only the electric field normal
to the electrodes (Ez = E3) is considered with the electric
displacement being divergence free (∇ · D = 0). By using
the following effective material parameters for compliance sE ,
piezoelectric constant d and permittivity εT

sE = sE
11 − sE

11ν
2 (22a)

d = d31 + d31ν (22b)

εT = εT
33 − d2

31

sE
11

ν (22c)

Fig. 16. Error in analytically predicted geometric length factor � and resonant
frequency ω0 relative to finite element modelling. The error is plotted as
function of cantilever to proof mass ratio, with a value of 1 equalling a
cantilever without proof mass.

where sE
i j is the elastic compliance at constant or zero electric

field, d31 the piezoelectric constant, εT
33 the z-component

of the dielectric permittivity at constant or zero stress and
ν = sE

12/sE
11 the Poisson’s ratio, the constitutive equations

can be expressed as S1 = d E3 + sE T1 and D3 = εT E3 +
dT1 with Si and Ti being the components of the strain
and stress vectors and D3 the z-component of the electric
displacement.

It is assumed that the thin part of the cantilever undergoes
pure bending, hence the geometrical strain can be expressed
as S1 = −zw′′

x x where w is the deflection and z the posi-
tion relative to the neutral axis of the beam. The generated
charge Q on the electrodes of the piezoelectric layer can
be determined by integrating the displacement field D3 over
the active volume of the piezoelectric layer divided by the
layer thickness. The current I can followingly be expressed
as I = Q̇ = �ẇ′

x (L) + CV̇ with Ẋ being shorthand for
∂ X/∂ t , C the total capacitance including additional parasitic
capacitances, V the voltage, w′

x (L) the deflection slope at L
and � the coupling coefficient

� =
(

d/sE
PZT

)

(hPZT − 2h0) W/2, (23)

where W is the width of the cantilever, sE
PZT the effective

compliance for the PZT material and h0 is the material
interface position relative to neutral axis (25).

B. Characteristic Length Factor �

The characteristic length factor � = wc/w
′
x (L) describes

the relation between vertical centre of mass displacement of
the SDOF system and deflection slope at distance L. The �
factor is derived from Euler-Bernoulli beam equation using
the boundary conditions w(0) = 0, w′

x(0) = 0 and that the
proof mass acts as a bending moment of Fl at the proof mass
joint of distance L. The asymmetry of the proof mass relative
to the neutral axis is neglected, as are any rotational effects
of the proof mass. The proof mass is assumed completely
rigid hence the deflection slope of the proof mass follows
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Fig. 17. Sketch of the neutral plane position in a unimorph cantilever
consisting of a joined silicon support and a PZT layer with equal thickness.
The distance from neutral axis at z = 0 where no strain is present to the
material interface is denoted h0, from which correct integration limits can be
defined.

the deflection slope at the proof mass joint w′
x(L). The

centre of mass for the SDOF system is approximated to be
at the proof mass midpoint l and thus the centre of mass
deflection becomes wc = w(L) + lw′

x (L). It then follows
that

� = L2(4l + 3L)m + 8
(

3l2 + 3l L + L2
)

M

4
(

L2m + 6l M + 3L M
) (24)

where M = W Lm((hSi + hmass)ρSi + hPZTρPZT) is the proof
mass and m = W (hSiρSi + hPZTρPZT) is the mass per
unit length of the thin part of the cantilever with ρSi and
ρPZT being the respective material densities for silicon and
PZT. The analytically predicted � factor in (24) is verified
in Fig. 16 as the error relative to a finite element model
(FEM).

The FEM simulation is performed in Comsol® with the
silicon support being modelled as an anisotropic material. The
error is plotted as function of cantilever to proof mass ratio
for a constant total cantilever length. A ratio of 1 hence means
a harvester with no proof mass and vice versa for a ratio
approaching 0. For the cantilever to proof mass ratio of 0.5 for
the harvester fabricated in this work, an error of 0.5% relative
to FEM is obtained.

Fig. 16 also shows the error of the analytically predicted
angular resonant frequency ω0 relative to that calculated using
FEM as function of cantilever to proof mass ratio. The
angular resonant frequency is derived from the Rayleigh-Ritz
maximum energy method [33]. The error is seen to be less than
1% in most of the cantilever to proof mass interval illustrated
in Fig. 16.

C. Neutral Axis h0

The material interface h0 (see sketched unimorph cantilever
in Fig. 17) is found by analysing the longitudinal forces.
Since pure bending is assumed, the sum of all normal forces
in x-direction on the cantilever cross section is zero when
subjecting the cantilever to an external bending moment
(
∑

Fx,⊥ = 0).
Integrating over the stresses in each of the materials using

the limits from Fig. 17 and ignoring the electric field in
the PZT layer due to a short-circuit condition, the following
expression for h0 is deduced

h0 = −h2
Sis

E
PZT + h2

PZTsSi

2
(

hSisE
PZT + hPZTsSi

) . (25)
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